In this paper we present a method for the numerical solution of elliptic problems with multi-scale data using multiple levels of not necessarily nested grids. The method consists in calculating successive corrections to the solution in patches whose discretizations are not necessarily conforming. This paper provides proofs of the results published earlier (see C. R. Acad. Sci. Paris, Ser. I 337 (2003) 679-684), gives a generalization of the latter to more than two domains and contains extensive numerical illustrations. New results including the spectral analysis of the iteration operator and a numerical method to evaluate the constant of the strengthened Cauchy-Buniakowski-Schwarz inequality are presented.
Introduction
The numerical approximation of the solution of elliptic partial differential equations in domains such that in certain regions a "better" precision on the solution is needed leads to many interesting issues. Efficient approaches include adaptive mesh refinement techniques, domain decomposition methods and multigrid methods. The objective of this paper is to present a method to solve numerically elliptic problems with multi-scale data using multiple levels of not necessarily nested grids. A motivation for developing such a method can be found, for example, in air quality management. Pollution emission sources, and in particular point source plumes, give rise to models needing careful examination of the space-scale. Getting an accurate simulation on large scales is linked to a simulation in subregions around the pollution sources using finer grids. Such a method can be applied straightforwardly to boundary layer problems through the use of patches in critical regions, or in the coupling of problems with nonconforming grids for example.
We solve the problem on a domain and consider therein patches 1 , 2 , . . . wherein we would like to obtain more accuracy (see Fig. 1 ). Thus we calculate successively corrections to the solution in the patches. The discretizations of the latter are not necessarily conforming. The method is a domain decomposition method with complete overlapping. It resembles the Fast Adaptive Composite grid (FAC) method (see, e.g., [31]) or possibly a hierarchical method (see [16] for example). However it is of much more flexible use in comparison to the latter.
In Section 2 we first introduce the correction algorithm (Algorithm 1) in the case of two scales, i.e. with the domain and one only patch . We give an a priori error estimate for the h-convergence in Proposition 1. The convergence properties of the two-scale algorithm are stated in Proposition 2 through the iteration operator (10).
In Section 3 we prove some convergence results in an abstract setting. In the first paragraph we analyze some properties of vector spaces. Next we introduce an operator (22) that is to be identified with the iteration operator (10) of Algorithm 1. In Proposition 5 we recall the upper bound of its norm presented in [22] . A spectral analysis of the operator yields an exact formula for its spectral radius and norm given in Proposition 6.
In Section 4 we discuss the constant γ of the strengthened Cauchy-Buniakowski-Schwarz (C.B.S.) inequality which appears in our convergence analysis. In the case of a patch included in only one triangle of the coarse triangulation of we give a bound for γ in the case of a scalar product corresponding to the bilinear form of an elliptic operator. We also develop some upper bounds in particular cases (see Fig. 2 ) and give a new method to estimate it numerically.
In Section 5 we generalize Algorithm 1 and some results obtained in Section 3 for two spaces to multiple spaces. We establish a generalization of Proposition 5 in Proposition 9 which is used to prove the convergence of the multi-scale algorithm in Proposition 8.
Section 6 gives some numerical results. In §6.1 we present numerical estimates of γ for some cases treated in Section 4 ( Table 2) 
